I. INTRODUCTION
For two-body atomic systems such as the hydrogen atom and positronium, it would be a great advantage to have the energy levels to order α 4 given by an exactly-soluble two-body relativistic wave equation, local in configuration space. We would like to have a two-body counterpart to the exact solution of the one-body Coulomb Dirac equation found by Gordon and by Darwin in 1928 [1] . The principal advantage of having an exactly-soluble local relativistic wave equation for two-body atomic systems whose solution gives energy levels correctly to order α 4 would be that energy levels of next higher order could be calculated to first order in perturbation theory instead of second order. First-order relativistic effects, which have had to be treated as the first-order perturbations up to now, would be already be included in the exact solution.
A two-body relativistic wave equation was written down by Breit in 1929 [2] . It was a generalisation of Dirac's equation, with a free Dirac Hamiltonian for each particle as well as transverse-photon exchange (the Breit interaction) added to the Coulomb binding potential. Breit's equation, treated by the Pauli reduction, gave the energy levels of the hydrogen atom correctly to order α 4 in first-order perturbation theory. Unfortunately, when the Breit equation's energy levels were calculated to higher order of accuracy, the results were incorrect, because in perturbation theory the Breit interaction can only be used to first order [3, 4] . The Breit equation was never solved exactly. It has remained a successful prescription for first-order perturbation theory.
Half a century ago, following the discovery of modern quantum electrodynamics, the Bethe-Salpeter equation [5] was first derived. It was an integral equation in 4-momentum space for bound states of two-body atomic systems. The Bethe-Salpeter equation with a Coulomb-potential kernel was soon reduced by Salpeter [6] 
II. SCALAR BETHE-SALPETER EQUATION AND SALPETER REDUCTION A. Bethe-Salpeter Equation
The notation will be the following [7] . Let the masses of the bound particles be m,M.
Let the mass of the bound state be denoted by E, while defining the bound-state wave number below threshold as β, as well as the particles' individual CM bound-state energies as t and T , in the following way:
The CM energy-momenta of the particles are written (p,
The Bethe-Salpeter equation for the bound-state vertex function Γ will be
The scalar interaction kernel is written 4mMI(k 2 ), or 4mMI(r) in configuration space. The star denotes an integration over 4-momentum with a factor 1/i present. The factors 2m,2M
have been moved into the numerators of the propagators of the scalar constituent particles in order to make all the scalar quantities analogous to those of spin-
systems.
B. Salpeter Reduction
Defining φ(p) = dp (4) when multiplied by S and integrated over p 0 gives the non-local Salpeter equation equivalent to (4):
in which Z(p) is a correction factor to the interaction I(r):
C. First-order Relativistic Correction to Energy Levels
To calculate the first-order relativistic corrections to the Schrödinger energy levels predicted by equation (6) the non-relativistic Schrödinger equation is as usual defined to be
in which µ is the reduced mass. The non-relativistic bound-state wave number β 0 will be defined by
Then the Salpeter equation (6) is expanded in powers of p 2 and β 2 0 in the standard way, giving the first-order correction
These constitute the first-order relativistic corrections to the energy levels of the original
Bethe-Salpeter equation (4).
In the scalar Coulomb case
equation (10) shows that the energy levels of the scalar Coulomb Bethe-Salpeter equation
have the fourth-order correction
where L is the angular momentum and N is the Bohr quantum number.
III. RELATIVISTIC WAVE EQUATION A. Derivation
We return to the original Bethe-Salpeter equation (4) and reduce it to a three-dimensional form in a manner different from that of Salpeter.
Because S peaks sharply at p 0 = 0 when p 2 is not too large, it can be approximated by [8, 9, 7] 
The error of the approximation is defined by
The Blankenbecler-Sugar [10] correction interaction U is defined by the equation
Then from the Bethe-Salpeter equation (4) it is easy to deduce the equation Γ = U * S 0 Γ.
Next, defining φ(p) by S 0 Γ = 2πiδ(p 0 )φ(p), it follows that, with the notation U = U(p; q),
Equation (16) is exact, in terms of the original Bethe-Salpeter equation (4).
For a static kernel I(k 2 ), equation (15) for U simplifies, because in its solution by iteration the integration over the relative-energy variable only acts on R. After that integration, equation (15) becomes
in which
where t and T were defined in (2) and (3).
B. Local Equation
Equation (17) for U leads immediately to a local wave equation accurate to first relativistic order.
The expression (18) can be approximated by its mass-shell value at l 2 = −β 2 :
Then in configuration space equation (17) can be iterated once to give a local approximation to U:
Defining in addition the quantity
equation (16) gives
which is a two-body wave equation local in configuration space.
C. Equivalence Proof
Equation (22) can be expanded around the Schrödinger equation (8) to calculate the first-order energy corrections given by (22).
Expression (1) for the energy must be expanded to fourth order in β 0 , so that
In evaluating ∆β 2 ≡ β 2 − β 2 0 from (22), it is only necessary to express R E to zero order in β 0 , as (µ 2 /m 2 + µ 2 /m 2 )/2µ. In addition Z E need only be expanded to second order in β 0 , as 1 + β 2 0 /2mM; in the I 2 term Z E can be taken to be 1.
From these values (22) immediately gives the first-order correction
Substitution of (24) into (23) shows that the expression for ∆E is the same as the expression particles was derived some time ago [11] .
IV. SCALAR COULOMB SOLUTION
Specialising to the scalar Coulomb interaction (11), the Blankenbecler-Sugar correction potential given by (17) becomes to second order
and the wave equation (22) becomes
The radial reduction of equation (26) has the same singularities as that of the Coulomb Schrödinger equation, and can be solved the same way. For angular momentum L the radial component can be expanded for radial quantum numbers n = 0, 1, 2, · · · as
which for the standard reasons gives
and
Then from (29) and expression (1) for the energy E, it is easy to deduce the BohrSommerfeld formula
Expanding in the usual way, with Z E and R E only needed to zero order, it is found that the Bohr-Sommerfeld expression (30) predicts the correct fourth-order energy levels (12) of the scalar Coulomb Bethe-Salpeter equation.
V. ENERGY LEVELS TO SIXTH ORDER A. Bohr-Sommerfeld Formula
The Bohr-Sommerfeld expression (30) can be expanded further to get the sixth-order contribution to the energy of the Blankenbecler-Sugar potential U Coul , equation (25) . Defining the dimensionless constants
the sixth-order energy contribution is ∆E (6) Bohr-Somm = α 6 µ c 2 2
We recall that L is the angular momentum and N is the Bohr quantum number. To obtain this expression the constants Z E , R E and ǫ are expanded to the order in α needed.
B. Local Sixth-Order Correction to U
Using R E , the mass-shell value of R(l 2 ) shown in equation (19), and the scalar Coulomb interaction (11), equation (17) for the Blankenbecler-Sugar potential U becomes the algebraic equation
whose solution U E is
Since U Coul gave the exact solution and the Bohr-Sommerfeld formula, the further correction to the energy is
where the expectation value can be taken over non-relativistic Coulomb bound-state wavefunctions. Only the zero-order value of R E is needed.
For L ≥ 1 the expectation value of 1/r 3 can be quoted. For L = 0, the value is most easily calculated from the explicit series in r for the polynomial part of the normalised radial wavefunction. The result is ∆E (6) Coul = −α 6 µ c 2 2
where, recalling that n = 0, 1, 2, . . . is the radial quantum number, we have
in which C is Euler's constant 0.577 . . ..
C. ∆R Correction to U
The only remaining possible contribution to the energy up to order α 6 is from the change in U caused by correcting R in equation (17). Defining
then referring to equations (32) and (17), we see that the exact Blankenbecler-Sugar interaction U is given by the equation
The expectation value of the first correction from (38), U E ∆R U E , will give the final energy correction up to α 6 . To the order required, it is sufficient to calculate this energy correction using the Coulomb potential, zero-order coefficients, and non-relativistic Coulomb wavefunctions, as
Use of the Schrödinger equation (8) then gives
In this paper the energies are being calculated to order α 6 for every state. While evaluations for all Coulomb states are familiar in configuration space, they are less so in momentum space. Perhaps the formalism and techniques used here will eventually be useful for evaluating energies of higher quantum states in two-body atomic physics. Therefore in this part we present the methods of calculation in enough detail that the reader may be able to apply them to similar problems.
To evaluate the momentum expectation value (40) for all states, it is most convenient to change coördinates from the p-plane to the surface of Schwinger's unit sphere [12] in Cutkosky's 4-space [7] , according to
(Henceforth β is written for β 0 .) The polar coördinates on the unit sphere are conventionally denoted by (θ 1 , θ 2 , φ) [13] where θ 2 , φ are the usual angles of 3-space, and
The element of surface area is [13] 
and dΩ and dp are related by [12] dΩ = 2β p 2 + β 2 3 dp
Surface harmonics on Schwinger's unit sphere are denoted by [13] 
The quantum numbers L, M have their usual meaning in 3-space, and N = 1, 2, 3, . . . is the Bohr quantum number. As usual they are related by N = n + L + 1 where n is the radial quantum number in p-space.
The standard representation of the surface harmonics is [13] φ) is normalised on the surface of the unit sphere in 3 dimensions, and the coefficient is determined by the orthonormality relation [14] +1 −1
The momentum-space eigenfunctions φ 0 (p) are [12] proportional to (
With the normalisation requirement
we find that
Then substitution of equation (48) into (40) gives
Although ∆R(−β 2 ) = 0, it is not possible to expand ∆R(l 2 ) to first order as a Taylor series in (l 2 + β 2 ), because the integrals in (40) and (50) would diverge when L = 0. In order to evaluate I L,n for all states it is necessary to express ∆R(l 2 ) exactly. By direct calculation, using equations (18), (19) and (37) 
where
Expression (50) can now be integrated by parts. It becomes
Note that the δ L,0 term is of order α, not α 2 . It will give a contribution of order α 5 µ to the energy. In atomic physics the Coulomb potential gives an α 5 contribution [15] when L = 0. In the present model and formalism that term appears in the ∆R correction.
The remaining integral (55) behaves regularly as a, A → 0 inside the square roots in the function F (a, A; x). To the required order that limit may be taken, so that equation (55) may be evaluated as
Reference [16] contains several formulae for evaluating integrals such as (57), but none is sufficiently general. We derive here a formula which can be used in most circumstances.
Define
J{α, β; µ, m; ν, n} ≡ +1 −1
Ref. [14] states that
where as usual (a) n = a(a + 1) · · · (a + n − 1), (a) 0 = 1. Also
From these one finds immediately that J{} is evaluated as the finite double sum
In terms of this function the value of K L,n is
In (62) the relation dC λ n (x)/dx = 2λC λ+1 n−1 (x) was used.
Working back from these expressions to (49), the final result for the ∆R correction to the Bethe-Salpeter energy level up to order α 6 is ∆E
Adding together the results (31), (35) and (63) gives the complete energy correction to the energy levels of the scalar Coulomb scalar Bethe-Salpeter equation up to and including order α 6 .
D. No More Corrections
It has been suggested [15] that from the power-counting point of view, the contribution to the energy of the second iteration of equation (38), that is the expectation value On the other hand, in the previous subsection ∆R behaved as order αR E rather than R E , because ∆R is small when the wavefunction is large. Also, as equation (33) shows, U E is not a Coulomb interaction for small r or large p. Pending the calculation of an explicit analytic or numerical bound on (64), we will estimate a provisional bound on (64) by bounding parts of it.
From equation (33), it is easy to show that
where C is the Euler constant. The explicit quantities shown are for the ground state N = 1.
In excited S-states the other constants are similar to those of K 0 in equation (35); for L ≥ 1 the constants are determined by the values of 1/r 3 . Therefore (U E ) 3 is never infinite, even for L = 0, and is at most of order α 6 log α.
With the definition
using the techniques of the previous section, including the representation (53), we find that for any state of Bohr quantum number N,
The combination of (65) and (67) suggests that (64) is of order α 8 log α only. As mentioned above, this estimate will be checked explicitly.
VI. CONCLUSION
Advantages of the formalism shown here are that the local wave equations are derived directly from Bethe-Salpeter equations, and that the two-body wave equations are accurate enough to predict the energy levels of the Bethe-Salpeter equations to first relativistic order correctly.
Two-body relativistic wave equations such as (26) are also easier to solve than Salpeter equations such as (6), because they are local in configuration space. The non-local components of the Salpeter equation, such as the free-particle kinetic-energy operator √ p 2 + m 2 + √ p 2 + M 2 , and the correction factor Z p shown in equation (7), are replaced in the wave equation by constants, such as E = √ m 2 − β 2 + √ M 2 − β 2 , Z E = (m + M)/E, and the correction factor R E shown in equation (19).
In addition, when the kernel of the scalar Bethe-Salpeter equation is a scalar Coulomb potential, the relativistic bound-state equation happens to be soluble exactly. The resultant Bohr-Sommerfeld formula not only predicts the energy levels to order α 4 correctly, but it also allows much of the O(α 6 ) correction to be evaluated by simple algebra. Furthermore, the remaining α 5 and α 6 corrections are calculated by first-order perturbation theory only.
No second-order perturbation calculations are needed (assuming that the order of (64) is found to be smaller than α 6 ).
As was mentioned in the Introduction, one proposed atomic spin- 1 2 counterpart to the soluble scalar equation (26) has too many singularites in its present form [7] for its radial equations to be solved analytically. Nevertheless, the results shown above suggest that it may be easier to solve Bethe-Salpeter equations, at least those whose binding interaction is a Coulomb potential, with the aid of a local wave equation rather than a Salpeter equation.
It is hoped that the formalism used here can be adapted to the problem of real two-body atoms such as the hydrogen atom and positronium.
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